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Abstract. We present here analytic expressions for the generalised Lindhard function, also referred to as
Fermi gas polarisation propagator, in a relativistic kinematic framework and in the presence of various
resonances and vertices. Particular attention is payed to its real part, since it gives rise to substantial
difficulties in the definition of the currents entering the dynamics.

PACS. 21.60.-n Nuclear structure models and methods — 21.30.Fe Forces in hadronic systems and effective

interactions — 24.10.Cn Many-body theory

1 Introduction

The linear response theory, whose key ingredient is the
Lindhard function (LF), is usually formulated in many-
body frameworks like RPA, Landau quasi-particle theory
and the like (see, e.g., ref. [1]). Noteworthy, these simple
approaches are often able to describe successfully a quite
involved physics.

The LF [2], as originally defined, is just the particle-
hole polarisation propagator for a non-relativistic free
Fermi gas (FFQG) of electrons, and reads

[ dt
M la) = =2 [ GE G+ 0Goe) . (1)
where
o(|p| — k O(kp —
Golp) = (Ip| i F) (kr 2|p|) 2)
et e
Po— 75 +1m  Po 9 )
m m

is the Green’s function of the free electron. The factor 2
in front of (1) comes from the spin traces and is replaced
by a factor 4 in nuclear physics (spin plus isospin).

The explicit form of (1) is known since 1954 [2] and,
more recently [3,4], it has been expressed according to

11° (g0, lal) = 2m|I[y(lal, g0 + in sgnao). lal]

+Iy(lal, —qo — in sgnqo), all| . (3)
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where

1 1 y—k
Iy, |d]] = m {ku + §(y2 - k%)log y—l—ki} )
(4)

llal o) = T - lal (5)

2
being the West’s scaling variable [5]. The analytic exten-
sion when the arguments of the logarithms become nega-
tive is prescribed to be

log(z £ in) = log |z| + imb(—x) (6)

and the imaginary part of the LF, namely the response to
a scalar(-isoscalar) probe, is thus obtained.

Actually many calculations of a fermionic relativistic
response function are available —and hence a number
of relativistic many-body computations have been per-
formed. Still the need of analytic expressions for the rel-
ativistic generalisation of the LF, as an useful input for a
variety of calculations, is felt: indeed the results presently
available (see, e.g., ref. [6], which completes a previous re-
sult [7], and ref. [8]) mostly refer to the electroweak case.
However we are also interested in the relativistic response
to pions and p-mesons, which lead to different generalisa-
tions of the LF. Further, the excitation of nucleonic reso-
nances needs to be accounted for and, last but not least,
in the quark-gluon plasma the case of massless particles
(or one massive —an s or a ¢ quark— and one massless)
deserves some attention.

In this paper we address a number of the above cases,
showing that they can be handled algebraically in terms
of only a few explicit functions.
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The scope we pursue is to provide, as a hopefully useful
tool for people involved in the field, a rather comprehen-
sive description of the generalised LF in the relativistic
case for nucleons and for 1/2 and 3/2 spin resonances.
The limiting case quoted above will also be examined in
detail.

2 Setting the problem

The channel dependence of the FFG polarisation propa-
gator in a relativistic framework is more pronounced than
in the non-relativistic case. We start with the generalised
LF for a non-interacting nucleonic system

4
1, (), go) = —iTr / éTf;smwmwsm(p)oy L (7)

where
y+m
Sm(p) =
2F,
" { 0(p| —kr) , O(kr—Ip) _ 1 }
pO_Ep+i77 po—Ep—iU po+Ep—i77
= (y+m)Sm(p)
+m,_.
= 5o(p) + L 2w (po — B )0ke —lp) (9
p

is the nucleon (electron, quark...) propagator in the

medium, with
EP:\/p2+m27 (9)

the indices « and y label the incoming and outgoing chan-
nel (not necessarily coincident) and O, OV are some com-
binations of v matrices and momenta embodying the ver-
tices characterising the channels. Moreover, Sy is the anal-
ogous of Sy, in the vacuum.

We have also introduced a “reduced” fermion propa-
gator &,,,(p) spoiled of the Dirac matrix structure, whose
inverse reads

D(p) =p° —m?. (10)

Although IT9, as given in eq. (7) is ill-defined since
it is expressed by a divergent integral, we will not re-
quire renormalisability, since one may also be interested in
effective theories. However, a regularisation procedure is
needed in order to cancel the divergences. In the case of (7)
(one-loop level) the vacuum subtraction is sufficient [9].

Thus, defining the following polynomial in the rela-
tivistic invariants p2, p - ¢ and ¢>

fay(p, @) = Tr(p+ m)O* (P4 ¢+ m)OY

179, will read

(11)

d'p

118, (ol ao) = =i [ 55
~&o(p +9)So(p)] fru (11 4) -

where &g = (/+m)~1Sp.

(S0 + )G (p)

(12)
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The frequency integration in (12) then reduces to the
evaluation of the residua in the (say) lower half-plane,
because along the half-circle at infinity the +in in the de-
nominators become irrelevant and the integrand vanishes.
Thus the regularised Hgy is given by

d3p 1
e = [ =
ty(|q|7q0) / (27’(’)3 4EpEp+q
X{9(|10+01|kF)9(l€F10)
qo — Eptq + Ep + 17
_O0(kr — P+ d))d(lp| — kr)
qo — Epyq + Ep —in
0(kr — P +dl)
— — — fuy (P2 q) |
qo — Epyrq — Ep+1in
_ 0(kr — |pl)
G+ Eprqg+ Ep —i
+0(lp + al — kr)b(p| — kr)
Xfmy(l’v Q) ‘pO:Ep+q_qO *fzy(p, Q) |
qo — Epiq + Ep

fxy(pa q) |

po=FEp+q—q0

foy(0:0) |,

po=Epiq—qo

nfmy(pa Q) ’POZEp

po=byp } (13)

(note that the term in the last line is never singular).

Now in each denominator the factor +in can be re-
placed by +in sgn(qo). In fact the denominators in the
first and the third term can only vanish when gg > 0 so
here the replacement in — in sgn(qo) is immaterial, while
the second and fourth ones can vanish for gg < 0 so that
the term —in plays the same role of in sgn(qo).

Since, as we shall see, the explicit form of f,, is inessen-
tial for the following discussion, we consider the case
fzy(p,q) = 1. Then, with some manipulations of the
functions and a change of variable, eq. (13) simplifies to

3 _

p
o 1
(g0 + 1 sgn(qo) + Ep)? — E7

1
+ - . (14
(@ +in sgn<q0>—Ep>2—E§+q} (0

Equation (14) displays a great advantage from a practical
point of view, since

1) each term contains only one 6 function, hence the an-
alytic calculation of the integrals is simplified;

2) II° can be evaluated in a region where it is real and
then its imaginary part follows by analytic extension
by suitably approaching the real axis in the complex
plane of ¢o;

3) it is manifestly even in ¢q.

The same procedure led to the form (3) for the non-
relativistic LF.

Now consider an N* excitation of mass M. In this case
the polarisation propagator at the lowest order is built up
by two non-coincident Feynman diagrams, namely (the
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star will always denote quantities involving a resonance

or a resonance-hole pair)

[ %3
(2m)*

177, (lal, qo) = —i S (p+)SmP) f*(p,q)

+ [ G 0= 08 0| . (13
where .
&*(p) = [p* — M? +in] . (16)

For later purposes we also introduce the inverse of &*,

namely
D*(p) =p* — M*.

The explicit form of f**¥ will be specified later.

Clearly, each term in (15) contains only one #-function
because there is no Pauli blocking. Convergence is ensured
by vacuum subtraction and, at variance of the nucleon-
hole case, eq. (8) (fourth line) tells us that py can be re-
placed everywhere by F,, since Sy never contributes.

(17)

3 Structure of the Lindhard functions

In this section we set up the general structure of the rela-
tivistic LF's, which will be later evaluated in some specific
cases.

Before presenting the detailed calculation, we observe
that the Lorentz covariance is broken by the presence of an
infinite medium like the FFG, since this naturally selects a
privileged frame of reference, namely the one in which the
FFG is at rest. Indeed in this system the nuclear matter
has zero momentum, while any boost, no matter how small
the velocity is, generates a state with infinite momentum.

If we instead consider a system with mass M and finite
momentum p, then any response function f to a probe
carrying a four-momentum ¢, = (qo,q) can only depend
upon Lorentz scalars, namely f = f(p? = M?,p- q,q¢%);
however in the M — oo limit p-q = qo/p? + M%2—p-q —
qoM , so that the Lorentz covariance is broken since f will
depend upon qg and q separately.

3.1 The ingredients

Having clarified the functional dependence of the LF's, we
now introduce the ingredients needed to their evaluation.
We define the functions

U (M |, g0) =

rel

/ &Ep Ep 0(kr —|p|)
(2m)3 2E, (p+q)2 — M2 +in ’
po=EFE,

=&p

(18)

to be computed in the next Section. The quantities of
direct physical interest are the even and odd parts (in go)

of U*M

o1 » Namely

il a0) = UL (M ol o) = U5 (M3l )
19

301

We shall consider in the following a variety of functions
fxy, €ach one giving rise to its own LF: remarkably these
all are expressed in terms of few basic cases. Note that
when f;, = 1 then eq. (14) becomes

11°(|al, q0) = 7% (ms |al, qo + i sgngo) - (20)

The above functions display a complex analytic structure
(logarithmic cuts) and have a well-defined imaginary part
and a well-defined asymptotic behaviour (in ¢p), namely

le ~qy 2. this means that the real part of Ti[n], hence
of the LF, can be univoquely recovered from its imaginary
part via dispersion relations.

However, in general f,, is a polynomial in ¢3. Each
term of this polynomial generates contributions to I7°
with the same imaginary part (up to trivial coefficients),
but with different asymptotic behaviour, so that the evalu-
ation of the real part will require subtracted dispersion re-
lations. The subtracted parts will be called contact terms.
These can be expressed in terms of the kp-dependent func-
tion

d*p
o _ ;[ =&
T Z/(Zw)‘le

/ d*p 0(kr — |p|)
(2m)?  2E,

( ) renormalisation
m\p) =2 e

_ 1
T 8n2

where Ep = \/k% + m? and, more generally,

d®p 0(kr — IP) 1n-
[n] _ F pr-l
* / 2rF 2 v

ki’; n—1 31 nbd k%
:Tﬂm oFi (5.5 —5i5——5 ) > (22)

k E
|:k‘FEF — mQ log F:;LF:|

; (21)

where o F} is a hypergeometric function.

Note that contact terms are also indirectly related to
the renormalizability of a theory, because their presence
alter the power counting in a bosonic loop entering in an
RPA-dressed bosonic propagator closed on itself or on a
fermionic line.

Now we are in a position to deal with the general struc-
ture of the LFs. Since we shall consider (pseudo-)scalar
and (pseudo-)vector couplings, our LFs will carry 0, 1 or
2 vector indices only. Tensor couplings could bring into

play other functions (U, Bl and U *[4]), but they seem not

reé . rel
to be, at present, of physical interest.

3.2 Scalar case: 0-index functions

Here O® and OY have no vector structure, hence f;, =

;y(pz, p - q,q%), in general a polynomial, is a Lorentz
scalar. Replacing then p? with D (p) + m? and using the
identity

1 1
[(p+9)* = M?| = S(0* = m*) = Spa°
1

. 1
D(p+a) - 59(0) - §pq2 ,

p-g=
(23)

N~ N~
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we can rewrite fr, in the form

Fiy = A5, + D Al

mn

D+ 9" {D(p)}"

(24)
being A%(¢?) and M3, (¢%)’s Lorentz scalars (hence the
superscript S). In (23) we have introduced, as in [10], the
dimensionless quantity

(25)

In the case M = m we have f; — fsy and p = 1. Further,
in eq. (24) the summed indices m, n must satisfy m+n > 1.

If we consider the resonance-hole case, we have to in-
sert (24) into (15). Then the first term on the r.h.s. of

eq. (24) yields Afy (q2)'f1[0] (M;]ql, go) and the second gen-
erates the contact terms, which in the present case can be
expressed in terms of the following functions:

72" (gl qo0) =

~i [ e 0+ ) @)

[ d*p . m—1 n—1
# [ G 0 -0y Py (26)

Then, because of the vacuum subtraction, only the n =0
term survives in (24) (otherwise any dependence upon kg
is lost) and of course it must be m > 1.

The 3/2-spin resonance generates an additional com-
plication due to the possible presence of projection op-
erators, as discussed in sect. 8 (see eq. (99) for details):
these will require the addition of a function B*(¢?), whose
role will be clarified later. In conclusion, the most general
0-index LF has the structure

H;?SO)(M’ ‘Q|, qo) sz:l:(M |q| QO) =

Af( )Ti (M |Q| QO)

+B3,(q >T*“”< M = 0;al, 0)
+ 3 AT Y al o) (27)
m>1

with A7, (¢%), B, (¢°) and A0 (¢?
ing to the problem one deals with (however BS, (¢*) = 0
for spin-1/2 particles)

The functions Ty m. 0](\q| o), linked to the functions
T of eq. (22), are not Lorentz invariant. Those entering
our calculations are explicitly given in appendix A.

The nucleon-hole case is more involved. Equation (24)
still holds valid, provided ©®* = 2, but the subtraction
scheme will be different, since ®(p+ ¢) also depends upon
kr. Thus the contact terms will also be different because
both the cases m = 0,n # 0 and m # 0,n = 0 contribute
in this instance after the vacuum subtraction.

) to be specified accord-
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3.3 Vector case: 1-index functions

Vector-like LFs can only arise through the combination
of a scalar and a vector vertex. Lorentz invariance would
forbid such transitions, because scalar and vectors belong
to different representations of the Lorentz group but, since
the infinite nuclear medium violates covariance due to the
presence of the f-functions, these terms may occur. Hence
in the nuclear medium a vector meson (the w, for instance)
can be converted into a o.

By covariance the functions must have the struc-

1/

ture
= ath + 3g" (28)
where the transverse momentum
= ph — l%qqu (29)
q

has been introduced (¢ - ¢ = 0). The second term on the
r.hs. of eq. (28) is immediately handled, since the vector
q" factors out of the integral and the scheme of the previ-
ous subsection applies, but it gives rise to a I1, x(l) which
is not gauge invariant.

Instead, the vector-like LF generated by the first term
of (to be called H;él)“ ") obeys the conservation

y
H*(l)u cons

law g, = 0 and can be cast into the form

H;?Sl)p, cons _ H;él)() conseyp , (30)

where we have introduced the four-component object (not

a vector)
M = (1, q°q2> :
ldl

Hence it is sufficient to compute the 0 component of
H;@(,l)“ only. Defining

(31)

Q5 (M; |al, q0) = —i/ (;171)74 {6*(p+q)6m(p)
£6(p— )8 (p) | (2)
and
4
737" (|a], q0) = / (;f)lto (D (p+¢)}™

x{D(p)}" "+ (g0 < —qo)

the 0-component of the vector-like LF, using again (23),
takes the form

(33)

*(1)0 cons

Ty Q)Q*iV(M7 |q‘7QO)

+BV( )Q*V( = 0;al, 90)

+ZAV T3 al, go) (34)

where we have accounted for the projection operators (99)
and the parity is not specified. Again the functions A, B
and A have to be specified according to the problem.
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The new function %" is expressible in terms of the
T+ as follows:

91 (M; lal, q0) = 71M(M; |al, 00)

1 o 0,
+§PQOT¢ (M;lal,q0) — 90 (0]
q2

(35)

3

while the T{;[m’"] relevant to us are listed in appendix A.
In conclusion the general structure of the 1-index LF reads

39" (M; Jal, qo) = 115,/ (M5 |al, qo) "
+q"IT55 (M lal, qo0) -

Again the nucleonic case is more tricky, because we
must first replace (32) with

(36)

4

2Y(lal, q0) = —i/&tOGm(pﬂLq)Gm(p) ,

(2m)4 (37)

next express p-q according to (23) and finally use directly
the expression (13). Following exactly the same path lead-
ing to eq. (14), we obtain the limiting case (M = m) of
eq. (35).

3.4 Tensor case: 2-indices functions

The 2-indices functions, which require two vector-type ver-
tices, can be split into a symmetric and an antisymmetric
part that need to be studied separately.

3.4.1 Symmetric case

In the symmetric case, since ff is a true tensor, Lorentz

covariance imposes the structure

é‘; symm = ay (q2g;w _ q#qu) + agt“tu

+az(t"q” + ¢"'t") + asq"q”, (38)

a; being Lorentz invariants.
The first two terms of (38) correspond to a con-

served current. Let us denote the associated LF by

H;ﬁ’y‘;;f“(M; lal, o), which can be split into a longi-

tudinal (II7}) and a transverse (II]) polarisation prop-
agators, defined according to
T (M; |al, go) = I 0™ (M lal, qo)

Ty symm

(39a)

% q:4; %(2)ij cons
T (M; |ql, qo) = (% — J) 1220 cons (M |al, qo)

2
lq
(39Db)
and, in a compact notation,
TR ooms (M |al, qo) =
H*L ‘ MH*L
( , lal® )
Q4 77+L | 90 ppxL 995 o 1yp«T (5. _ 945 :
|Q\2H ‘ |q|2H lal? 21 (6” \q\z)
(40)
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The first term in the r.h.s. of (38) is easily handled,
since it reduces to the 0O-index case. The second instead
requires the introduction of two new quantities with the
associated contact terms. We thus define

d3p (tO)Q
*L
M: =
Di ( v|q|aqo) /(27_(_)3 2Ep
O(kr — |p|)
:|: _
(p+q)* = M? +in (4= ~a)
po=FE,
= 1P lal, @0) + q0pT3 (M |l g0)
2
1 5 5 0] g(J_gT[O] ’
+ —qop YL (M:]al,q0) — § 24 . (41)
4 K] (1 — &) it
¢ @ ’
and
Q41" (M;|ql, q0)
_ L/ d*p |pl’la)’* — (p - q)?
lq? ) (27)3 2E,
O(kr — |p|)
:|: _
(p+q)2—M2+z'n (q<—> Q)
pPo=Lyp
q2 *[2] *[1]
g T7(M;lal, q0) + qopY% " (M; |al, qo)
CI2P [0]
2 b
1 m?|q 2 " 2|q|
* (ZCIW + %) % |Q|7QO)} +
Ao gl
]
(42)

together with the contact terms

) { D (p+aq)}™"

*[m,n . d4p
TLEI: ](|Q|»(IO) = _Z/ (2m)*

x{D(P)}"" £ (90 < —ao) (43)
and
_7’ 4 2 2
12 el ao) = [ o5 97 - -’
x{D*(p+ )} D ()} £ (g0 < —qo) . (44)

Thus, applying (23) and (27), we obtain

I;E(M;al, q0) = —lal* 1725 (M:; |al, q0)
+AL (63 (M al, g0)
+BL (*)Q (M = 0;|ql, qo)
+Y NTAT T al o) (45)
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;T (M; |dl, q0) = —2¢* 1125 (M:; |al, qo)
+ALT ()4 (M |al, q0)
+BLE (*)Q" (M = 0;]ql, q0)
+ 3 AT lal o) (46)

(note that the same coefficients A*T, BLT and A*T enter
in both IT*F and IT*T). The above relations give the struc-
ture of the longitudinal and transverse LFs and thus fully
describe H;?Szig‘;r?“ through (40). Finally, the remaining
terms of (38) can be reduced to simpler cases and one gets
the final result

e (M lal, go) = IR0 coms (M |ql, qo)

Ty symm
+ ("N + ¢ T (M4, o)
+ "¢’ 155, (M;al, go) - (47)

The last term on the r.h.s. of (47), namely ﬁ;i_, corre-

sponds to a LF with the same structure of H;5+ but with

different ingredients: these will be called A%, B and 5\75n0,
respectively, to avoid confusion.

Again the nucleon-hole case must be handled sepa-
rately, by using the analogous of eq. (37). Clearly now, at
variance of the resonance case, only the Qj_L’T terms ex-
ist, and a straightforward calculation shows that eqgs. (41)
and (42) still hold valid.

3.4.2 Antisymmetric case

An antisymmetric tensor should have the form

=b(t'¢" — ¢"t¥) + bge“”)‘pp)\qp (48)

f*,uu
zy antisymm

and the general structure of IT ;QQLifisymm
be

*(2) v v v *
2 O ldl, g0) = (¢ — " WTEY_ (M |l go)
+ N oo P (M4, qo) - (49)

will accordingly

Again the function IT ;X,

structure given by eq. (34), but with the functions A",
BY and M\ replaced by AV, BY and \Y,.

entering the above has the same

4 Analytic evaluation of U’" (M; |q], qo)

rel

In this section we explicitly compute the function U:e[lo]

defined by eq. (18) (the other two functions U:e[ll] and U:e[?]
can be obtained along the same path and the results are
reported in appendix B).

Assuming here & g # 0 we get

1+l :/ &*p 1 0(kr — |p|)
el (27)3 2B, 2E,q0 — 2P - 4+ ¢2p
kp 5 (50)
1 pdp . ¢’p+2pla| +2¢0E,

1672|q] ) E, 7 ¢®p—2pla|+2qE,
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Note that the dependence upon M is fully embodied in
the inelasticity parameter p. Integration by parts yields

#[0] 1 ¢*p + 2kpla| + 2Epqo 1

= —— 0,
el T Ton2lal " q2p — 2krlal + 2Brao

472

ke 2 2
q°pEp +2m-qo

q%p — 2plal + 2E,q0) (¢%p + 2plal + 2E,q0)
(51)

x/dp(

The integrand in (51) displays four poles, located at
p = yi. Defining

Q= (M=£m)* —¢° (52)
and
A*: p274fn;2:7\/Q-|2-Q— _
q q
VO = A e =

q

(with the chosen sign, A* is positive in the space-like re-
gion) we obtain for the poles the expression

vi= 4, %OA* -

. (54)

The +y7 are the branch points defining the region where,
for real go, (51) develops an imaginary part. In partic-
ular the lowest positive branch point is just the lowest
possible longitudinal momentum for the occurrence of a
resonance-hole pair and consequently coincides (up to a
sign) with the y scaling variable. Indeed —y*, taken at
M = m, is just the y scaling variable for the relativistic
Fermi gas [11].
The integrand of (51) can be split according to

E, { Lo 1 1 }
32m2ql \p+y:  p+yl p-yt p—vi

1 R* Ry R* Ry
+ 2 * PR * + * )
32m2ql \p+y* pt+yl p-y- p-vyi

(55)

where dl

q q0
Ry = —A"+ = 56
+ D) D) P (56)
has the property

(RL)? =m® + (y1)? (57)

and is trivially linked to the scaling variable ¥* used in
refs. [10,12-14] by

R* =m+ (Ep —m)y*? (58)
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«[0] P kr + Er Er p—2kr|d| + 2Erqo
U, M;lql, = - lo - 0
ret (M lal, @0) @mz ® m 1672a| * ¢2p+ 2krlal + 2Erqo
L_op (kr —y*)*(m* + kpy} + ErRY)(m® — kry} — ErRY)
64m2|q| ° (kr 4+ y7)2(m? + krpy* + EpR*)(m? — kpy* — ErR")
A* 4 A — i 2 k *\2
B 4210g 4 *m(F*yZ)(4F+y+)* * )2 (59)
647 [m* — (kry* + ErR*)?] [m* — (kry} + ErR?)?]
* +y kr + Er R — R* +2Fr
U (0] M: , _ y + +
rel ( 7|q| qO) 167 2| | 647r2|q|
« log (kp —y*)*(m* + kryi + ErR})(m® — kpy} — ErRY)
(kr +y%)2(m2 + kry* + ErR*)(m? — kry’, — ErRY)
* * 4 o
R} + R* m*(kp —y*)? (kF +y1)° , (60)

— 1
6472|q] ©8 [m* —

(kry* + EpR*)?] [m4

— (kry: + EpR%)?]

We can now easily compute explicitly (51), getting

see eq. (59) above

or, with some algebra,

see eq. (60) above

which depends, but for the overall factor \q|717 only upon

the two scaling variables y7 .

Finally, with E = \/M2+p? (hence Ej, ., =

2+ (kr £ ¢)?) and bringing back gg to the real axis,
eq. (59) reduces to the compact form

2EF + pqo A
U S - =
rel ( 7|q‘7QO) 167T2 1 + 327_l_2|(1| 647T2 3>
(61)
having defined the logarithmic functions
k E
I = log "E T EE (62a)
m
+E +FE
Iy = log 1 tF 4 r
qo + Ekp+q + Erp
Ef _+FE
tlog| R T Tkema TEF) | G (62D)
q—FEj,  ,+ErF

og (2kp + goA*)? — |q|?p?
(2kp — goA*)? — |q|?p?

if A* is real and

4k A* 2kpEpp|A*
Fqo| A7 — 9j arctan —2F rp|A|
d1 d2

—2i7r0(d1){9(q0) +0(—qo)0(M? +m? — 2k + |q*)

l3 = 2iarctan

xsgn(qo + \/M2 +m? — 2k% + |q|2)} + 2im0 (d2)

X < 0(qo) + sgn — [ M2+ |2+m74
q0 gn | qo q m2+2k%

(63)

dy = 4k% — 3| A" = |a*p? (64)
272 21 A%|2 4m4\q|2

dy = p°kp + Ep|AY| T (65)

if A* = i|A*| is purely imaginary (i.e., for (QT)? < ¢¢ <
(QT)?, see eq. (66)). In this case the function U:e[(l)] is man-
ifestly real. The two -functions force I3 to be continuous.
In egs. (62) ko and k3 are integer that can be fixed by an-
alytic extension or by checking the integral in some suit-
able points. They will be specified in the next section and
found to depend only upon the analytic structure of the
logarithms and thus remain the same for the whole set of

functions U, [n]

5 The response region

As previously mentioned, the singularities of (59), in-
dependent of f;,, fully determine the response regions
for particle(resonance)-hole(antiparticle) excitations. Fur-
ther, the values of the k; in (62) are also independent of f5,
and will be determined in this section, where we consider
a real gp up to a vanishingly small imaginary part +in.
To set the response regions first consider the branch
points associated with the excitation of a resonance in
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the free space. They are located at

Qi = \/|Q|

which define the boundaries of the regions where the
production of an antiresonance-particle plus the emission
(g0 < —QY) or the absorption (go > Q%) of a probe or the
excitation of a particle to a resonance (—QL < gy < Q%)
are allowed. Accordingly QI and Q7 are usually referred
to as the threshold and pseudo-threshold, respectively.
These singularities clearly stem from the presence of the
Dirac sea.

Next we discuss the domain where the response of the
system to a probe accounts for the effect of the medium,
hence the effect of the Fermi sea. This is fixed by the loga-
rithmic singularities of which turn out to be located
at

(M +m)?, (66)

rel7

QY i(p)=xE},, —E,, (67)

that, for p = kp, fix the boundaries (hence the label B)
of the resonance-hole and antiresonance-hole regions. An
easy check yields the ordering

(QF)? > (QF)? 2 (@) > (Q1)* 2 (Q.)* > (Qf@g
(uniformly in p). Also, it is found that
Q%.(p) > —lal . Q%.(p) < —lal, Yp (69)
and
QL) > |a? (70)

Note that six critical values of |q| exist, corresponding
to the various intersections of the boundaries. We have

1) _ M—i—m

@ =(-QD?  for g=q = M
(71a)
@7 =@ for q=q® =" Tk
(71b)

Concerning the sign of the singularities, one finds that
QP <0 and Qir > 0 for any value of kp. Instead, one
has QP _ > 0 if kp < k% with

S =VM2-—m2, (72)
while, When kF > k%

qf:r) <q< ¢, being

@, QB 4 is negative in the interval

4 = kp —\/m? — M2+ k} = kp — \[k} — (k§F)?
(73a)

a® = kp + — M2 + k3 =kp + k% — (k)2 .
(73b)

This occurrence deserves a comment: in fact, in the limit-
ing case M = m, k% = 0 and we are always in the second
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case, with qé‘:’) =0 and qgf) = 2kp. In this region the re-
sponse function at fixed |q| and as a function of gy has a
discontinuity in the derivative.

Finally other critical points arise in connection with

the light cone. It is obvious that (Q1)? > lq|?, hence we
must only inquire about in. We find
(5)
B )>lal, for¢<ger
_ 74
% {<|q|, forq>q(5), ()
(6)
B J>ld, forg<ga’,
75
Q++{< la, for g > ¢, ()
where two new critical points appear, namely
2 2
) _ (M*—m*)(Ep — kr) 6
qCI‘ 2m2 ) ( )
2 2
©) _ (M*—=m*)(Ep + kr) -
qcr 2m2 : ( )

Now we discuss the response regions in the (¢+0, ||q||)
plane and fix the corresponding values of ko and k3 ap-
pearing in (62).

Consider first the negative time-like region. Here for
q < —Qi the antiresonance-particle production is al-
lowed in the vacuum, but is ruled out by the renormal-
isation, which subtracts out the vacuum effects. It is, in
any case, Pauli-blocked by the Fermi sea in the region

spanned by qo = —\/(p +q)*> + M? — E,, for |p| < kp,

namely
maX{Qé,(p)} > qo > min{Q]ir(p)} -

The boundaries of the permitted response region are then
found to be

(1)

78
forq>q(). (78)

T for ¢ < qer
QB (kp)<qo<{ °F°
+{r) <ao QP _(kr),

The resonance-hole region instead corresponds to qg >
—|q| and lives partly in the space-like region and partly
in the time-like one. The allowed values of gy span the
interval

min{Qf_ (P} <aq < maX{Qf+ (p)},

again with |p| < kp, the associated boundaries being

T for ¢ < qéf) ,

B (jo) <o < -, 79
@+ (kr) < 90 QE+(kF) , for g > qéf) : ™

In order to fix ko and k3, which are integer and con-
stant inside all the response regions, it is then sufficient to
evaluate the imaginary part of U, in some particularly
simple point of the response regions.

Consider first the regions Qir < qo < QT and Qir <
qo < —Q%. Here a convenient point is |q| = 0, where

Bp 1
sult = :FW/ (27) 2B, s 0(kr—p)3(2Epq0+p43) ;
la|=0
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q(GeVie)

1.5
q(GeV/e)

Fig. 1. (Colour on-line) Left: The singularities Q% and Q7 of the function U:i(l)] in the (|q|, go)-plane. Here, having in mind
nucleons and A’s, we have m = 0.938 GeV and M = 1.232 GeV. Solid lines denote the four singularities Q% and dashed lines the
+QT. Dotted lines denote the light cone. kr = 0.264 GeV/c. Light-grey (yellow) region: QZ_ > go > Q§+; medium-grey (cyan)
region: —QT > qo > QF_; dark-grey (green) region: Q¥ > qo > QF_; very dark (red) region (not visible in this figure): QT >
qo > Qf+. Right: as in left panel but with kr = 1.5 GeV/c, in order to emphasize the region Q7 > qo > Qf+7 otherwise invisible.

which is non-vanishing only in the regions quoted above,
its value being

g el _ |47
rel 167

la|=0

This result deserves a few comments. First, from the defi-
nition it follows that the imaginary part of U e[?] must have
the sign F according to whether gy — ¢o & i1, in accord
with the above outcome. Then, since A* is negative in the

time-like region, we obtain

k2:0,
k3::F47

(80a)
(30b)
for Q. < g0 < QL or Q8 < qo < -QF.

Next we consider the region QY_ < ¢y < Q%,.
Here, choosing a very small value for kp, the point qo =

M2+ |q|2 —m surely lies in the desired region, and one
gets
k
1 [ pPdp
°F,

o U*[O] _

S Upel = A2

X /dm5(2(Ef; —m)(E, —m) — 2pgz) .

Being kr (and hence p) small, the argument of the o-
function vanishes at

E*
f:L<_q_1> ,
2|lg| \ m

which is less than one. Thus the angular integration be-
comes trivial and we get

Ep—m
S U*[0]pg = FE—
S U = F 5607

Since this result should be a combination of the coefficients
of I3 and I3 then

k'g::Fl
k3=:F2.

(81a)
(81b)

Finally we consider the region Q¥ L <q < QP . Here
we choose qo = —E; —m and, following the same steps as
before, under the same assumptions, we find that eqs. (81)
hold again.

The singularities, and the response regions, in the
plane |ql,qo are displayed in fig. 1 (left and right pan-
els) for two different values of kp, one below (left) and
one well above (right) the critical value of kp.

6 The limiting cases

Having determined the response regions and the integers
ko and k3 we are now able to derive the response functions
in the most general case. In this section we consider some
specific limiting cases.
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6.1 The case M = m
Here

QT =1q|,

QY = /4m? +|af’

and the critical points qg) and qg) occur at 2kp and 0,

respectively. Furthermore, k% = 0 and thus Qf_ (kr) =
Ey,.—q — Er is always negative between ¢2, = 0 and ¢, =
2kp. Finally the Q¥ (kp) always live in the space-like
region.

The expressions for U;",; given in sect. 4 are still valid,
provided we set M = m, which implies A = A* =

q2_4m2

q2

nothing changes in the particle-antiparticle domain, while
in the particle-hole region, since ¢ vanishes, the response
is confined to the range

QP _(kr) < qo < QY (kr)

and ko and ks are given by (81).

(82)

(83)

and p = 1. Concerning the imaginary parts,

6.2 Thecase m =10

This case may correspond to the excitation of a light quark
to an s or ¢ quark in a Quark Gluon Plasma.
Here

L=E;, (84)

while qg) and qéf) tend to infinity: accordingly Q1 and
Qf_ never coincide. Furthermore k% = M. Finally it
is immediately seen that qéf) — 00, implying Qf L >
|a| Vkr, M, while ¢ = M?/(4kr). Thus the response
region is represented by the intervals

QY _(kr) < qo < QY (kr) ,

QP (kr) < qo < Q_(kp) ,
where eq. (81) holds, and by
QE-{-(";F) < qo < QZ s
QP_(kr) < qo < —-Q%,

where instead (80) is valid.

Concerning the LF, since now p = A* =1 — Aj—; and

yL =1 (1 - Aj—;) (la|%qo), we end up with the expression

#[0] _ (2kp + q0)q® — M?qo
et im=0 327|qllg?
M? — 2k — g2 2 M2
« {log ! F(qo + |a]) « +i7rk2} _¢-o
M? —2kp(qo —ld]) — ¢ 327m2q

(M? = 2kpqo — ¢*)* — 4k%\q|2
(M2 — 2)2

X {log

+ iﬂkg,} . (85)
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6.3 Thecase M =m =20

Finally we consider the extreme situation where both
masses vanish. Here the values Q¥ coincide with the light
cone, while Q¥ , = +|kr=+|q||—kr and inside the response
region only the case of eq. (81) occurs.

The expression of U, further simplifies to

« 2k 24k
Ure[?} = F;LQO{ 112 +kr(qo + |al) ‘+iﬂk2}
m=0 32m2|q| q% + 2kr(qo — |al)
1 al® = 2kp + q0)?|
-5 {log = +imks p .

(86)

7 The spin-1/2 resonances

In this section we explore the LFs associated to the ex-
citations of the nucleon, addressing first the simpler case
of the spin 1/2 resonances (e.g. the Roper (N*1440) res-
onance). For the sake of simplicity we disregard isospin,
which simply yields a numerical factor.

7.1 The 0-index functions

Here the vertices we consider, beyond the identity, carry
some ~y-matrix structure of the type y or ¢ times, even-
tually, a v5. Owing to the mass shell condition for the
nucleon, ¥ = (§ — m) + m can be replaced by m, since
P — m cancels with the nucleon propagator, leaving a
kp-independent term subtracted out by the renormalisa-
tion. The nucleon-hole case requires a separate discussion.

Similarly, ¢= (g4 ¢— M) — (y — m) — (M — m) leaves
us with the identity times M —m plus, however, a contact
term, an occurrence reflecting our ignorance about the off-
shell reaction mechanisms. Actually the ¢/ vertex is redun-
dant as far as the imaginary part of the LFs, and hence
the response functions, are concerned. The real parts in-
stead are altered by an extra contact term that matters in
the response when higher orders (say, a RPA series) are
accounted for.

In attempting to account for the different off-shell
behaviour one meets a proliferation of complicated and
mostly irrelevant terms. Thus here we confine ourselves to
consider only the vertices O = I (g-meson absorption), s
and ¢fy; (pion absorption within the pseudoscalar and the
pseudovector coupling). This last, at variance of the pseu-
doscalar coupling, correctly describes the 7° suppression
in the photo-production process and respects the chiral
limit, owing to a further contact term added to the pseu-
doscalar vertex. Notice that the vertices containing a s
are derived from the corresponding parity-conserving ones
(up to, eventually, a sign) by replacing m with —m.

For the 0-index LFs eq. (27) applies and we only need

to specify A% and AS, = in the various cases.
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Considering first a scalar probe, the function f,s reads

fss(p.q) = Tr(p+ ¢+ M)(p+m) =4(p* +p- g+ Mm)
=2D"(p+q) —29(p) +2Q+ , )
87

where use has been made of the identity (23) in the second
line. Thus we get A9(¢?) = 2Q4 and Ay, = 2. The term
290 (p) is cancelled by the renormalisation when studying
the resonance-hole case, but it survives in the nucleon-hole
one. In conclusion

2O (M; |ql, g0) = 2750 +2Q, 111 (M; 4], q0) - (88)

The other vertices are decoupled from the identity by
parity conservation. For the pseudoscalar coupling (v5) we
find

(89)

m——m

For the pseudovector coupling, introducing the notations

Mp=M+m, dm=M-m, (90)
we find A% = 2M2Q_ and \f) = 2(6mMz—q%p), A5y = 2.
As already outlined, in going from the pseudoscalar to the
pseudovector LF the coefficient A is multiplied by the
expected factor M?Z, but the contact term does not.

The pseudovector coupling conserves the axial current
(or alternatively the existence of the Goldstone boson).
Covariance would entail IT}, ~ ¢, but, since it is broken,

the Goldstone theorem only requires

Jim Iy (M;lal,90) =0 (91)
la|—0
Now we observe that
%0 0,0) = 201%%(01;0,0) =
&*p 1 6(kr —|p|) 2
2 S =— <10l 92
/(27r)32Ep m? — M? M? —m? (92)

and it is easily verified that the contact terms are tailored

in such a way to exactly cancel ASTJ[FO} in the limit ¢ — 0.

Finally the mixed pseudoscalar-pseudovector LF also
exists: it has A% = 2M7Q_ and A\, = 26m while the
pseudovector-pseudoscalar function has the opposite sign.

The nucleon-hole case must be considered aside be-
cause of the different structure of the contact terms. For
example, the scalar-scalar response, owing to (87) leads to
the manifestly vanishing contact term

4

[ d*p [ dYp

It is found that the only existing contact term pertains
to the pseudovector-pseudovector case and is given by
4¢>% 01,
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Table 1. The function AY,(¢*) for the scalar-vector Lindhard
function.

I—gt [ T-g8 | g | vs—
2 2

Aily)(q2) 4Mr =P 46m — =
m m

7.2 The scalar-vector interference

In infinite nuclear matter a scalar probe can be trans-
formed, through a resonance (nucleon)-hole propagator,
into a vector one. Thus we shall consider, as before, the
scalar-type vertices I and 5. Concerning the vector-like
vertices, 24 independent currents exist, 12 of them par-
ity conserving and 12 parity-violating (see, e.g., ref. [15]).
However, currents embodying a ¢* (that can be extracted
out of the integral) times a (pseudo-)scalar structure re-
duce to a 0-index LF, already handled in sect. 7.1, times
q". Further, neglecting contact terms, ¢ and ¢ are redun-
dant and the Gordon identity

1, 1 1
pt= g+ (bt 4= M)+ (p—m)

—|—%(M +m)yH — ia’“’qy (93)
allows us to express the current p* in terms of the usual
currents y* and o*”q, only on the mass shell, while the
off-mass-shell extension of the currents remains unpre-
dictable.

Disregarding the huge variety of contact terms and ¢*,
only four independent currents survive, and they may be
forced to be conserved by adding some suitable terms pro-
portional to ¢*. They read

‘ 79"

Jf = - qT ) (94a)

- Z LV

]5 = %QVO', 5 (94b)
j§,4 = in'YS . (94c)

Furthermore j is expressible in terms of the other three
currents by exploiting the charge conjugation symmetry.

Since all these current are conserved, only the first
term of eq. (36) is required. The functions AY, (¢*) are
listed, with a self-explanatory notation, in table 1.

7.3 The 2-indices response

We consider now the vector-vector response and distin-
guish between three different sets of LF's.

1. First we examine the parity-conserving—parity-
conserving LFs (set up by the conserved currents
g1 and j), which are symmetric tensors. Thus only
the functions IT* and IT*T are required, that in
turn need the knowledge of A°, ALT and of the
corresponding \’s, according to (45) and (46). The A®
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Table 2. The functions A°(¢?) for the vector-vector parity-
conserving currents.

J1 I J2
” - 2Q- Mr
J1 e 7mq2
W Mr M7
J2 mq? Q- 2m2q? Q-

Table 3. The functions AT (¢?) for the vector-vector parity-
conserving currents.

g g

J1 8 0
2

v q
J2 0 272
m

are summarised in table 2 and the A*” in table 3. The
contact terms )\fo pertaining to I7*5 are displayed in
table 4. The other contributions, namely the A&7 (¢?)
are all vanishing. Instead, a coefficient A3, survives for
the j'j¥ case and the relation A5, (j4'55) = 1/(2m?q?)
holds.

2. Next we consider parity-conserving—parity-violating
LFs (currents ji' and j4 at the incoming vertex, j§
and j4 at the outgoing one). Here the tensors are an-
tisymmetric and eq. (49) applies with the second term
only, namely

DN g P (M;al, q0)

with IT ;;/7 defined by eq. (34). The required functions

AV (¢?) are displayed in table 5. No contact term ex-
ists. The case jb 7% would provide a non-vanishing func-
tion A}y, but actually T:E_’O] = 0. Finally if we reverse
the vertices the following relation holds:

oom — (—qym+i g n=34.
Jndm Jmin ’
(95)

3. The parity-violating—parity-violating LF's are derived
from the parity-conserving—parity-conserving ones

through the simple relations

m=172,

H;31j3,4 = H;1,j1,2|mﬁfm ) (963)
;41j3,4 == ;2,j172|m—>—m . (96b)

Again the nucleon-hole case differs from the above only
for the contact terms, because a direct evaluation shows
that the various Q are just the limits of the Q* for M —
m. Only one contact term exists for the case ji'ji, with
Ao = —2/¢>.
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Table 4. The contact terms A{y(¢?) for the vector-vector
parity-conserving currents.

J1 [ J2
Loz om
J1 e me
|| om _q2p — Mrdém
J2 mq> 2m2¢?

Table 5. The functions A*Y (¢?) for the vector-vector parity-
conserving—parity-violating currents.

i
M
¥ 4i —2;—~L
m
., om Mrdém
74 20— | 1 3
m m

8 The spin-3/2 resonances

We consider now the excitation of a nucleon to a spin-3/2
resonance (specifically the A(1232) ), assumed to be sta-
ble. The resonance is described by a vector-spinor field 9,
obeying the Rarita-Schwinger equations

(i <7 - m)% =0, (97&)
Y, =0, (97b)
M"Y, =0, (97¢)

(the last line is, more properly, a constraint) which can be
deduced from the Lagrangian [16]

£ =0 { (i 9= Mg +iw(y#0" + 9y")
—|—% (3w® + 2w + 1) v* 9"

+ (302 + 3w+ 1) My'y” o, (98)
w (# —1/2) being a free parameter. Each value of w leads
to the equations of motion (97), but does not prevent the
occurrence of a spin-1/2 component in the w-dependent
vector-spinor ,,. Thus, to rule out these unwanted com-
ponents, one usually introduces the projection operator
on the spin-3/2 space, which reads (in momentum space)

v v 1 v 1 v 17
P;/zzgu _g’Y“’Y _@(VV”P +p" ), (99)

or, sometimes, its on-shell reduction

P?fL/"Q — P;/”z |p2—>M2 (100)
The most common choices are w = —1/3, that leads to the
Rarita-Schwinger result, and w = —1, that corresponds to
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the Lagrangian

L =1, {—e" P90, — iMa" } ), . (101)

Another Lagrangian has been recently proposed,

namely [17]

L= &u {_€#U>\p757>\ap - Mglw} Yy,

in order to solve the so-called Velo-Zwanziger disease [18,
19]. However, we do not discuss such a Lagrangian here, as
it describes a resonance propagating in an external electro-
magnetic field with the (minimally coupled) AA~y vertex,
while we only consider non-minimal N-A transitions. Fur-
thermore, the proposal (102) is seriously plagued by the
occurrence of a pole at p?> = M?2/4, as the evaluation of
the propagator (the inverse of I'*") shows.

Sticking to the more sound form (98), observe that
different values of w not only alter the mixing between
3/2 and 1/2 spin, but also affect the off-shell behaviour of
the A-hole propagator, that in fact reads

(102)

P+ M 1 1
ARV — Y S Z WV AV
peasyeAll 37 = 5 (P =)
2 1+w
T phy¥ =  J(1+3
szl P }+6M2(1+2w)2{< + 3w)

x(yp” +9"p") + (1 +w)(p” —+"p")

—2MwyHy" + (1 +w) WW”} (103)

Remarkably the choice w = —1 cancels in (103) all the
terms with no analytic structure, which would otherwise
contribute to the contact terms in the A-hole LF.

8.1 The 0-index A-hole Lindhard functions

Here the vertices have the form &j”z/)u or @j“Pg’f/Vle,,

where j# could be taken from eq. (94) plus the non-
conserved ¢* and v5q*. Clearly

fay (P q) = Tr(p/+ m)ju, A Gy, (104)
or, alternatively,
Fay(P,a) = Te( + m)jo, Py A Py, - (105)

However, the vector v* is constrained by (97b) so that this
current, when contracted with A#” | is vanishing on shell,
does not develop an imaginary part and consequently it
can only contribute to the contact terms. The same oc-
curs for y#~s. Furthermore 0#*¢y can be replaced by ¢
because

Uuu(]u"/}u = iqu% .
Thus only the two currents

N(NA =q*,

Jo(NAM = g"vys,

(106a)
(106b)
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actually matter, at least for the part carrying analytic
structure. Since we are dealing with a 0-index LF, the
structure is given by (27). With self-explanatory notations
the non-vanishing A° are found to be

Q-2 s Qe

S _
A; - IM2 N3y 3IM?2

Jyay

(107)

Concerning the contact terms, we will not give a detailed
list for all the 24 currents, because they all explicitly de-
pend upon w and display a double pole at w = —1/2: hence
they can diverge and the real part of the LFs becomes un-
predictable. As a consequence, the RPA series based on
the A-hole excitation (and, similarly, any calculation be-
yond the bare Free Fermi Gas) becomes unreliable.

The same happens if we use the expression (105) taking
however the projection operator in the form (100). We
get indeed eqs. (107) for the functions A°, but again the
contact terms display a double pole in w.

Finally we can take the projection operator in the form
(99). Now the expressions (107) are again valid, but the
contact terms are independent of w and, furthermore, they
do not change in replacing ¢* with ic#q,. They display
however a factor (p + ¢)~2 coming from the projection
operator eq. (99). For instance, in the current j;(NA)"
they take the form

/ d3p 1 {(mQ—q2)2(m2+2mM—q2)
(

271')3 E 3M2(p + q)2 p2=m?2
Lo 2
+§(2q —2p-q— M= —2mM)
x0(kr — |pl) + (g0 <— —qo) -
Here the first term is just the function U:e[lo I evaluated

at M = 0, thus explaining the introduction of the factor
B3, (@) 7N = 0;|q], qo) in eq. (27). Explicitly the case
(1) requires

(m? — ¢*)*(m? + 2mM — ¢?)

B, =
Ui 3M?2

(108)

and furthermore Ay = (m? — 2mM — 2M? + 3¢%)/3 and
A5y = —1/3. Finally,

H*(O) — _H*(O)
3333 Jviy

(109)

m——m

8.2 The 1-index function

Now we consider the case of the transition from a scalar
to a vector term, which leads to a 1-index LF. Here, be-
sides the vectors discussed in the previous subsection, we
also need a tensor operator yielding a vector when con-
tracted with the A propagator. Again one can set up a
vast amount of tensors: we limit ourselves to those which
give LFs with the same analytic structure, ignoring extra
contact terms.
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We are thus left with eight possible currents, namely

3% =PI ¢, +h. c. (110)
with
" 3 u+ 1 va
F;\J(V) D) Q4 e *Ppagg (111a)
3 p+1
1324 124 IJ«G'Otﬁ v o 5
F (V) FM(V) 2Q+Q_ 4e Padp€ oysP 4 V55
(111b)
v 3 H+ 2" ( 20 /) (111c)
c(V) 2Q Q_q agp —P-4q9 )75,
v Bp—1 v
Phicay = 0. [ — 256" pags
2
——6”‘mﬁpaqﬁe”mp7q5] , (111d)
v 3 Hn = 1 oo v
Toay = i3 .0 patse’yysp’d’ (111e)
M 3 H—L M( 2, v 1/) (111f)
C(A) 2Q Q— qp p-qq )
Iy = 9" (111g)
Ty = 9", (111h)

(here = M/m). We have followed in the above the work
of Devenish et al. [20]: these author show that, for a transi-
tion from a nucleon to a higher spin resonance (not neces-
sarily 3/2), only three conserved currents enter the parity-
conserving sector and as many the parity-violating one. In
the low-momentum regime tensors associated to these six
currents correspond to the multipoles M1, E2, C2, M2,
E1, C1 (the first three being parity conserving, the other
parity violating). We have added two other currents, which
are not conserved, thus exhausting all the possibilities.

We see that again LFs with only one vector index ex-
ists, but they only occur between a Coulomb multipole
and the non-conserved currents (106). The case (j5Ic(v))
contains only a t* in the integrand, thus the expres-
sion (34) applies (first term in (36)) with

v My

Ajgpc(v) = _iWQ_7 (112&)
v _; Mr (m? —¢*)*(m® — 2mM — ¢*)¢”
¥ Tewy — mM?2 Q+Q7 )
(112b)
iMrq® m? + 2mM — 2M? 2
)\‘1/0:1 Tq° M” + 2m + 3¢ (1120)
m Q+Q-
»M 2
A (112d)

M0 =T a.a-
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Table 6. The A°(¢?) functions for the vector-vector A-N par-
ity conserving currents.

Iyrvy [ I'gwv) [ I'owy
3MZ 9MZ
4m2g? @- Am2g? Q- 0

Table 7. The A*T(¢?) functions for the vector-vector A-N
parity-conserving currents.

Iyvy [ I'gw, [ I'cwvy
3M7q° | 9Miq® | 3Miq*
m?*Qy | mPQy m2M?2Q+

The case (j5T's(vy) requires the full expression (36) and
we find (since T[1 o = =0)

v 2Q_

_ 2 2 2
Ajgl“s(v) - 3M2 (q +M"—m )7 (1133)
2
ELFS(V) = 3W(m2 —2mM — ¢*)(m* — ¢*), (113b)
2
Ao ==, (113c)
3
Q*Q.q°
ATsory = 3372 (113d)
B = ! M
ngS(V) _3M2q2( 2m _q)(m _q)
(113e)
A5y = L (113f)
3q?
The LFs with opposite parity simply obtain as
*(1 *(1)p
m ) (al q0) = =15 (alo) [, -, - (114)

8.3 The 2-indices functions

8.3.1 Parity-conserving—parity-conserving Lindhard
functions

We consider first of all the couplings M1, F2 and C2
(parity conserving) in both vertices. These currents be-
ing conserved, we can directly apply eqs. (45) and (46).
Hence the functlons Afw AgyT and the corresponding \’s
are needed. Remarkably, Afy and A£5 are diagonal with
respect to the channel indices and are quoted in tables 6
and 7, respectively. Instead, a contact term coupling the
multipoles M1 and E2 exists (it is reported in appendix C
together with all the other contact terms).
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Both the multipoles M1 and E2 display the structure
of egs. (45) and (46) with, however, B® = 0, while in the
Coulomb multipole C2 the contribution proportional to
IT*9 is absent. ALT is given in table 7 and furthermore
3M2 q4
B 2 — T

cwvew) @) = Tapgrgr
x(m? — ¢*)*(m? — 2mM — ¢*). (115)

Observe also that in this sector H*(Q)W = H;g(f)w

8.3.2 Parity-conserving—parity-violating Lindhard functions

This kind of LF is antisymmetric in the indices u, v and
takes the form

N gope PN I, (M |al, q0)

(see eq. (34)). We thus need to specify the functions A},
and the contact terms. The only non-vanishing A‘{y are

92MT5m
AE(V)M(A) (¢%) = SAXMV)E(A) (¢%) = TTom? (116)
and for the relevant contact terms (not A}, T 1.0 =0) we
refer the reader to appendix C. Moreover
Opv Oupv
oayyvy = ~awyya) (117)

(with z,y = M, E,C).

8.3.3 Parity-violating—parity-violating Lindhard functions

The functions A%, AXT and BT follow from the parity-
conserving—parity-conserving case with the replacements

A%(A)E(A) (‘12) = *Afw(\/)M(V)(qQ) ‘m_,_m )
Afw(A)M(A) (q2) = —A%(V)E(V)(qz) |mﬂ,m )
AC(A AC(V c(V) ’mﬂ,m )

Bé(TA)C(A) = _Bé(TV)C(V) |mﬁ,m :

(118)

As for the parity-conserving—parity-conserving case the
rule (involving contact terms) H;k?(,z)“y = H;g(cz)w holds.
The contact terms (see appendix C) have a quite involved

structure.
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8.3.4 Lindhard functions involving non-conserved currents

A LF having the first vertex M (V') or E(V') and the second
S(V) (this last corresponds to a non-conserved current) is
non-vanishing and has the structure of eq. (40) (a sym-
metric LF obeying the current conservation law). Thus it
can be expressed in terms of egs. (39) with

3iMrQ_

S _AS _
3A% sy = Asvysv) = g (119)
and
63 Mpq?
LT T4
345 sy = AB(vysv) = Q. (120)
*(2)pv .
The same happens for HE(A')S(A) with
OmQ dmg?
S _ +
AE(A)S(A) = —Zqu ) AE(A)S(A) —di—= mQ_
(121)
while IT *(?24”)2( A) only displays contact terms (see ap-
pendix C).
The LF 11, C((‘}) S(v) has a different structure: it contains
a symmetric current-conserving term, as in eq. (40), with
s _
AC(V)S(V) =0 and
QiMTq2 2 2
QiMTq2
B&hnysevy = —m(mg —¢*)(m® —2mM — ¢%)
(122b)
plus the following term proportional to ¢”:
ZMTQ_ V iMT
g [ vy Mr
‘ R Ve NN
x(m? — ¢?)*(m? — 2mM — ¢>)Q*V (M = 0)
F ATy (lal q0)] . (123)

with the contact terms given in appendix C. The symme-
try relation

H*(2)ul/

*(2) v
C(A)S(A) = —II.,),

C(V)S(V) (124)

m——m

holds.

The functions with initial vertex M (A) and E(A) and
*(2)pv *(2)pv
final vertex S(V), as well as HM(V‘)S(A) and 1536 )
are antisymmetric and are given by the second term of
eq. (49), namely

DN gop P (M al, o)
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with
v v om
AM(A)S(V) = 3AE(A)S(V) = 73? ) (125)
2M~t
AJ\V/[(V)S(A) = (126)
and
4q
Ag(V)S(A) =3 (127)
while H*(Q) has only contact terms and H*(Q)W
E(V)S(A) Y C(A)S(V) —
(2)pv
153y = 0

Next we consider the symmetric function I7 ;E%,))” ;’(V).

Since the current is not conserved, it is contributed to by
all the terms in eq. (47). Thus it displays a conserved part,
which has

10

AE(V)S(V) = T332 (128a)
1Q_

Astnsory = =52 (128Db)
4(q* — m? +2mM)

B(v)sv) = e ;o (128¢)

plus a non-conserved one (last two terms in (47)). The lat-
ter requires the knowledge of H;‘(/v) S(V)— —in turn fixed

by (see eq. (34))

20Q)_
ASonsevy = 3M—2q2(M2 —m?+¢%), (129)
2(m? — ¢*)(m* — 2mM — ¢%)
Bg(V)S(V) = . (130)

3M2¢2

Finally for the third term, which, being proportional to

g"q”, is associated to a scalar quantity, as in eq. (27), we
get
Ag(v)S(V) = ?6;2]\24—?;, (131)
Bg(v)S(V) == (m” qQ)Z?X;Q;me ) . (132)
Again the symmetry relation
H;Ei))HSV(A) = _H;g/)fsyw) mem (133)

holds.

Note that the interchange of the initial and final vertex
entails an interchange also of the indices p and v.
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Appendix A. The elementary functions
T[m.n]

The functions defined in eq. (26) are given by

00 — 95l (A1)
7220 = 9q2,50], (A.2)
T30 = 4g030 (A.3)
2
T = —Z o - 3% ")
8
+5 (863 + ol (A1)
T3 = 202 (p%¢* — 4m?|q|*) T
+8pg* (3¢5 + |a|*) T (A.5)

2
T£”=ﬁ@%—%ﬂw)——wmﬂﬁw

[wfﬁ@%+mn 2m<mwwmﬂfm

2
+ 32| (s + 1aP) aqﬂsw, (A6)
ja/”
Teho) Qq_zgm, (A7)
320 = _gplq/23l) (A.8)
. 4go|qf®
TR0 nggl (m?0 — ag)) | (A.9)
T30 = 2p|q T2 (A.10)
+[4,0] am2golal® [ 4 , 2112\ <[0]
Ty~ :T qgp°—-mla” )T
16qoq/* 7
- ;2| | {q“p2 —m? <Q3 + 5|q|2>} i
32¢0|q? 3
9 |+ Flal | 5t (A1)
[1,0) 2\(1|2 2 20 2 2\ (2]
T =T [m 70T — (¢ +4]q)T ] ;o (A12)
;120 = 2 pry 0 (A.13)
«[3, 2m?q |Q| 12
T = {Q‘Lpz - = mlaf*| T
2|q
3
+ 20 4 syt
4
- gr(ad +5lal*)(al” + 5] 5
8 |OI| 48 5 5
4 Al4
+ 30 o+ Te?) sl (A14)
4 4
TT[Ji 0] _ 3 21[0] + 51[2] , (A15)
T2 = 2 pril 0 (A.16)
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*[3,0 4 4
10 bt S|

4 2
+3 {q“p2 — 4m? <qg + 5Iqlzﬂ i

16 1
+ 3 {q& + g|q[|2] gl (A.17)

Appendix B. The elementary functions U*["

In sect. 4 we have derived the functions UTP, . Actually

we also need Urizl] and Urel ,

which be be provided in this
appendix. It is clear from the derivation of U that the

rel
entire class of functions defined by eq. (18) has a common

structure, namely

Ul = ol 4 ol a4l (B.1)
The coefficients are given by
04([)0] =0, (B.2a)
o___°P
al = (B.2b)
2F
ol — 2P +2 F (B.2¢)
3272|q|
o _ _ A" B.2
T Tear2 (B-2d)
i _ pkr B.2
%o 3272 (B.2e)
n_ @ [, 2m?
Q= 327(_2 |:p — q2:| , (B2f)
2.2
[ _ 1 AE2 — (lal® + a2) 2 dm=q;
B.2g)
0 _ 90,5 B.2h
063 1287T2p I ( . )
k E 2m?
a([)z] _ F(I(Q) 2 PLF ”; ’ (B.2i)
481 2q9 q
2
(2] _ p 20112 9y bm 2, 2
olf = 1o [ al +300) - o alt + )]
(B.2j)

(2] 1 2 2\ 2
= 3
2 = RBixdq {pqo[( lal” +q5)p
127712\q|2
g +8E% Y, (B.2k)

o A l4m2q|2

2 2\ 2
- 3
682 2 (lal” + 3g5)p

Appendix C. The contact terms for the
2-indices A-N functions

In this appendix we list the 69 non-vanishing contact
terms associated to the two-indices LF's of sect. 3.4. We

use the notation /\mnxl(YI)Xz(YQy where a = S|V, LT is

associated to the Lorentz components, X; = M, E,C,S
to the magnetic, electric, Coulomb or scalar nature of the
two currents (i = 1,2) and Y; = V, A to the their vector
or axial parts, respectively. They are given by

1) vertices M (V)M (V)

3M2 M2 _ q2
s _ T
AMomvym(vy = T amig? (1 - 4T+) ; (C.1)
3M2
>‘§OM VIM(V) — 5o (Q, - 4(M2 - q2)) ., (C2)
(V)M(V) 4m2¢2Q2
3M?
A3 = =y (C.3)
30M(V)M(V) 122 Q7
3M2q2
>‘1LOTM(V)M(V) = ngi ; (C.4)

2) vertices M(V)E(V)

3M?2 4m?
s _ T
MomM(yE(V) = 12 (1 - Q+) ) (C.5)
3M2

A =—T
20M(V)E(V) = g2 2@2 Q_
(3q —4mMq?p — 4m2MT§m) ,

(C.6)
3M?
g R e/ A — dm(2m + M
AsoM(V)E(V) I PQL Q- [3Q+ —4m(2m + M)] ,
(C.7)
3M?2
A\ - T '
A0M(V)E(V) I 2QIQ_ (C.8)
M2q2
oM E(V) = QTQ_ (Qy —4m?) (C.9)
3M2q2
A%OTM(V)E(V) = mQQTQ_ ; (C.10)
3) vertices E(V)E(V)
3M2
/\ISOE(V)E(V) m [15Q+ — 4m(5m + 6M)] ,
(C.11)
3M?2
A5 — 00T 314,52 _ 98m(2
20BVEW) T 12207 [31g"p” — 28m(2m
+ M)g?p — 20m* Mrdm] (C.12)

S 3M% 4 2
A0E(WV)B(V) = m[%q p°—4m(13m
—5M)¢*p — 4m>(9m + TM)dm], (C.13)
s 3M3
/\40E(V)E(V) = W

AS _ 3M72"
50E(V)E(V) mQQQQiQ% y

(9Q— + 16mdm), (C.14)

(C.15)
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3MZq?
)‘1L0TE(V)E(V) = W%;Q_[%L —8m(m — 3M)],
(C.16)
6M7q?
/\QOE(V)E(V) 2@2 Q2 (5Q- + 8mdm), (C.17)
+ .
12M2q?
LT _ 79
AOEV)E(V) = m» (C.18)
4) vertices C(V)C (V)
3M2q4
/\1L0TC(V)C(V) = m@% —3M? +4¢%), (C.19)
3M2 q4
AZOC(V)C(V) mQQf o ; (C.20)
5) vertices M (V)M (A)
3iMrom
/\%/OM(V)M(A) mgQ 0 — 0P, (C.21)
3iMrom
Ay = C.22
BOM(VIMA) = 5207 (C.22)

6) vertices M(V)E(A)

3iMT5m
Aom )B4 = ~Gmagiq- BQ- +4Am@M —m)].
(C.23)
32MT5m
)\?‘)/OM(V)E(A) = *m; (C.24)

7) vertices E(V)M(A)

6iMT(5m
AV = ————{-2¢"p* + m(5m + 3M
20E(V)M(A) mgQng_{ ( )
X ¢°p+2m°¢*}, (C.25)
3iMT(5m
AoBv)Ma) = EERT Il Q4 +4m(2m + M)] ,
(C.26)
3iMT5m
)\A‘L/OE(V)M(A) = m; (C.27)
8) vertices E(V)E(A)
)\V _ 3iMT5m
20E(V)E(A) —27712@1@2_
x [3¢*p* — 4mémq®p — 4m>¢*] ,  (C.28)
SzMT(Sm
)\?"/OE(V)E(A) 2Q2 Q2 {3Q+ —4m(2m + M)} ,
(C.29)
32MT5m
)‘XOE(V)E(A) == ; (C.30)
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9) vertices M(A)M(A)

30m?
)‘fOM(A)M(A) = T imigg. 9Q- —8m(m —3M)],
(C.31)
AS __ 3mr
20M(A)M(A) 2m2¢2Q. Q2
x {=5¢"p* + 4m(3m + M)¢*p + 4m*¢*}
(C.32)
36m?
)‘§0M(A)M(A) = —m{?)q“p2 —4m(2m + M)
X ¢°p + 4m> My (3m + M)}, (C.33)
36m?
s
>\4OM(A)M(A) = 7W {3Q+ — 8mMT} s
(C.34)
30m?
)\S = T 52 2 0 C.35
SOMAMA) T T B2 2 (C.35)
30m?2q?
/\10M(A)M( a) = m{3q4p2 —4m(4m + 3M)
X ¢*p+4m>Mr(5m +3M)}, (C.36)
30m?2q?
LT
A0M(A)M(A) = TR Qr {Q- —4m?} | (C.37)
30m?2q?
AggM(A)M(A) = —m ; (C.38)
10) vertices M (A)E(A)
36m?
S _
AomM(A)E(A) = 2 (C.39)
30m?2p
S _
A20M(A)E(A) = Tm20,Q_ (C.40)
30m?
/\§0M(A)E(A) = 22 Q2 Q2 {3¢°p* — 4m?*} | (C.41)
36m?p
o = ——5 e C.42
OMAEW) T T Egr QR (C.42)
30m?
)\S = T 5 912 12 C.43
SOM(AEMA) = LB B2 OF (C.43)
30m?2¢?
LT
AMOM(A)EA) = m ) (C.44)
66m3q
/\QOIVI(A)E( A) = mgQ Q2 ) (C.45)
36m?q?
)‘ggM(A)E( A) = m; (C.46)
11) vertices E(A)E(A)
s 30m?
AoB(A)E(A) = I Q [bQ— + 8mdm] , (C.47)
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36m?
)‘2SOE(A)E(A) = —m[5q4p2 —4m(2m — M)
x q*p — 4m?* Mpom)] , (C.48)

S 36m2
A30E(A)E(4) = TR QR [5

q*p* — 4m(2m + M)

x q*p — 4m* Mpom)] , (C.49)
36m?
Ax = ———F— 55 9Q_ —4m(2m — 3M)],
BB = T aggrgr P9 ( )]
(C.50)
306m?
5 = s (C.51)
S0E(A)E(A) 4m22Q2 Q%
30m?2¢?
/\10E(A)E‘(A) 20, Q% [3Q- + 4mdm] , (C.52)
36m2q?
N =" [3Q, —4mMy],  (C.53)
20E(A)E(A) mQQ%Qi
36m2q?
NSOB(AYE(A) = ~ B AT AT (C.54)
30E(A)E(A) QL QR
12) vertices C(A)C(A)
3om?q*
Moc(ayo(a) = m [3Q4 — (2m+ M)?], (C.55)
30m3q
)‘200(,4 m2Q Q% Q2 ; (C.56)
13) vertices M (V)S(V)
iMrp
)‘fOM(V)S(V) = 7m7Q+ ) (C.57)
iMrp
)‘goM(V)S(V) = 2mPQ, ; (C.58)
14) vertices E(V)S(V)
iMrp
XlgoE(V)S(V) =m0, [Qy — 6mMr] , (C.59)
s . M
AQOE(V)S(V) = m [llQ_ —+ 16m5m} y (060)
20 M-
s _ T
A0B(V)S(V) = Q. Q" (C.61)
8iMTq2
Af&“(\/)sw) = m; (C.62)
15) vertices C'(V)S(V)
QiMTQQ
)‘100(1/ )S(V) = 0.0 (C.63)
iMrp
)“Z/EJC(V)S(V) = 0. Q. ; (C.64)
16) vertices M (A)S(V)
om
A;/()M(A)S(V) = m; (C.65)

317
17) vertices E(A)S(V)
)“Z/OE(A)S(V) = _#?Q_ ; (C.66)
18) vertices S(V)S(V)
s 4
Aos(v)s(v) = 320 (C.67)
5\1SOS(V)S(V) = —m2 i 2mM3;4 2M + 3¢° , (C.68)
5‘1503(\/)5(\/) = 3—24 ; (C.69)
19) vertices E(V)S(A)
)“Z/OE(V)S(A) = %Jrg_; (C.70)
20) vertices M(A)S(A)
XSoM(A)s(4) = i%v (C.71)
AgOM(A)S(A) = —m ) (C.72)
)\§0M(A)S(A) = #TZQ_ ) (C.73)
>‘1LOTM(A)S(A) = m; (C.74)
21) vertices E(A)S(A)
s . om
AMoB(A)S(4) = 0 (3Q— +4mdm), (C.75)
AS0E(A4)S(A) = iﬂ% [3Q- +4m(2M —m)] ,
(C.76)
A30m(A4)S(A) = —i% : (C.77)
>‘1LOTE(A)S(A) = mi;?@ (C.78)
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